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GEOMETRY OF NOWHERE VANISHING, POINT
SEPARATING SUB-ALGEBRAS OF Hol(Γ ∪ Int(Γ)) AND ZEROS
OF HOLOMORPHIC FUNCTIONS
BABHRUBAHAN BOSE, SAIKAT ROY, DEBMALYA SAIN
Abstract. We study Hol(Γ ∪ Int(Γ)), the normed algebra of all holo-
morphic functions defined on some simply connected neighbourhood of a
simple closed curve Γ in C, equipped with the supremum norm on Γ. We
explore the geometry of nowhere vanishing, point separating sub-algebras
of Hol(Γ ∪ Int(Γ)). We characterize the extreme points and the exposed
points of the unit balls of the said sub-algebras. We also characterize the
smoothness of an element in these sub-algebras by using Birkhoff-James
orthogonality techniques. As a culmination of our study, we assimilate
the geometry of the aforesaid sub-algebras with some classical concepts of
complex analysis and establish a connection between Birkhoff-James or-
thogonality and zeros of holomorphic functions.
1. Introduction
The aim of the present article is to study the geometry of a family of
normed algebras and to establish a connection between Birkhoff-James orthog-
onality and zeros of holomorphic functions. The said normed algebras consist
of holomorphic functions defined on any simply connected neighbourhood of a
simple closed curve in C. It is well-known that Hol(K) denotes the normed al-
gebra of all holomorphic functions defined on some neighbourhood of a compact
set K ⊂ C, where two functions are identified if they agree on some neighbour-
hood of K, endowed with the supremum norm on K. In the same spirit, we
consider the normed algebra Hol(Γ ∪ Int(Γ)) for a simple closed curve Γ ⊂ C,
where Int(Γ) denotes the simply connected domain enclosed by Γ. Although, it
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is well-known, we describe the construction of Hol(Γ ∪ Int(Γ)) explicitly for the
sake of completeness. Let
Hol(Γ ∪ Int(Γ))′ := {(f, Uf) : Γ ∪ Int(Γ) ⊂ Uf open, f : Uf → C holomorphic}.
Consider the equivalence relation ∼ in Hol(Γ ∪ Int(Γ))′ given by
(f, Uf ) ∼ (g, Ug)⇔ f = g on Int(Γ).
Let Hol(Γ ∪ Int(Γ)) denote the complex algebra of the equivalence classes of
Hol(Γ ∪ Int(Γ))′ under ∼. Note that the function ‖ · ‖ : Hol(Γ ∪ Int(Γ)) → R
defined by
‖f‖ := sup
z∈Γ
|f(z)|, f ∈ Hol(Γ ∪ Int(Γ)),
is a norm on Hol(Γ ∪ Int(Γ)). Also, observe that if f ∈ Hol(Γ ∪ Int(Γ)), then
f (n) ∈ Hol(Γ ∪ Int(Γ)) for every n ∈ N, where f (n) denotes the n-th order
derivative of f .
A sub-algebra A of Hol(Γ∪ Int(Γ)) is said to be nowhere vanishing and
point separating at Γ if for every z ∈ Γ, there exists f ∈ A such that f(z) 6= 0,
and for every z1, z2 ∈ Γ, there exists g ∈ A such that g(z1) 6= g(z2). Throughout
this article, we call these sub-algebras as nowhere vanishing point separating
sub-algebras of Hol(Γ ∪ Int(Γ)), without any ambiguity.
For a given choice of Γ ⊂ C, define:
J (Γ) := {f ∈ Hol(Γ ∪ Int(Γ)) : |f(z)| = ‖f‖ ∀z ∈ Γ},(1.1)
and for a given f ∈ Hol(Γ ∪ Int(Γ)), set:
Mf := {z ∈ Γ : |f(z)| = ‖f‖},(1.2)
Zf := {z ∈ Γ ∪ Int(Γ) : f(z) = 0}.(1.3)
For example, if Γ = {z ∈ C : |z| = r} for some r > 0, then f ∈ J (Γ) if and only
if f is constant or
f(z) = c
n∏
k=1
(
z − rak
r − akz
)
, z ∈ Γ ∪ Int(Γ),
for some c ∈ C\{0}, n ∈ N and ak ∈ D for 1 ≤ k ≤ n, where D denotes the open
unit disc in C.
For a given z ∈ C, the real and the imaginary parts of z be denoted
by ℜ(z) and ℑ(z), respectively. If additionally, z 6= 0, let arg(z) denote the real
number θ ∈ [0, 2π) such that z = |z|eiθ. Also, the sign function sgn : C → C is
defined by
sgn(z) :=
{
z
|z| , z 6= 0,
0, z = 0.
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Given a normed linear space X , let BX and SX denote the closed unit
ball and the unit sphere of X respectively, i.e.,
BX = {x ∈ X : ‖x‖ ≤ 1}, SX = {x ∈ X : ‖x‖ = 1}.
Let X∗ denote the continuous dual of X . For a non-zero element x ∈ X , we
denote the collection of all support functionals at x by J(x), i.e.,
J(x) = {Ψ ∈ SX∗ : Ψ(x) = ‖x‖},
Let Ext(X) denote the collection of all extreme points of BX . An element
x ∈ BX is said to be an exposed point of BX if ‖x‖ = 1 and there exists
Ψ ∈ J(x) such that
|Ψ(y)| = ‖y‖ if and only if y = cx for some c ∈ C.
We denote the collection of all exposed points of BX by Exp(X). It is well-
known that Exp(X) ⊂ Ext(X). For x, y ∈ X , x is said to be Birkhoff-James
orthogonal to y, denoted by x ⊥B y, if
‖x+ λy‖ ≥ ‖x‖ for all λ ∈ C.
In [7], James proved that for x, y ∈ X , x ⊥B y if and only if x = 0 or there
exists some Ψ ∈ J(x) such that Ψ(y) = 0. A non-zero element x ∈ X is said
to be smooth if J(x) is singleton. James [7] proved that a non-zero x ∈ X is
smooth if and only if
x ⊥B y, x ⊥B z =⇒ x ⊥B (y + z) for all y, z ∈ X.
In the first section of this article, we characterize the extreme points
and the exposed points of any nowhere vanishing, point separating sub-algebra of
Hol(Γ∪Int(Γ)). In the next section, we characterize Birkhoff-James orthogonal-
ity in the said sub-algebras and also identify its smooth points. Characterizing
the extreme points, the exposed points and the smooth points of the closed unit
ball of a given normed linear space is of fundamental importance in determining
the geometry of the space. We refer the readers to [1], [3], [4], [5], [6], [8], [9],
[10], [11], [13], [14], [15] for some of the illustrative works in this regard.
In the final section, we find an interrelation between Birkhoff-James
orthogonality in nowhere vanishing, point separating sub-algebras of Hol(Γ ∪
Int(Γ)) with the zeros of holomorphic functions using some classical concepts of
complex analysis.
2. Geomtery of Hol(Γ ∪ Int(Γ))
We begin with the following simple observations:
Proposition 2.1. Let Γ ⊂ C be a simple closed analytic curve and let f :
Int(Γ)→ D be an onto biholomorphic map. Then
(i) f extends to a biholomorphic function F : U → C for some neighbourhood U
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of Γ ∪ Int(Γ) such that F (Γ ∪ Int(Γ)) = D.
(ii) h ∈ J (Γ) (see (1.1)) if and only if h is constant or
h(z) = c
n∏
k=1
(
F (z)− ak
1− akF (z)
)
, z ∈ Γ ∪ Int(Γ),
for some c ∈ C\{0}, n ∈ N and ak ∈ D for 1 ≤ k ≤ n.
Proof. The first part of the proposition follows from the observation that for
every z ∈ Γ, there exists Uz ⊂ C open such that Γ ∩ Uz is a one-sided free
arc of Γ containing z and hence f can be extended biholomorphically to some
neighbourhood Vz of Γ∩Uz, using the Schwarz reflection principle (see [2, The-
orem 4, p. 235] for details). The desired F is now obtained by considering the
extensions on Vz for every z ∈ Γ and restricting the function on a sufficiently
small neighbourhood of Γ ∪ Int(Γ) so that it remains injective.
The second part follows from the observation that T : Hol(D) →
Hol(Γ ∪ Int(Γ)) given by
T (g)(z) := g ◦ F (z), z ∈ F−1(Ug),(2.1)
where D ⊂ Ug open and g : Ug → C holomorphic is an isometric isomorphism
and g ∈ J (Γ) if and only if |T (g)(z)| = ‖g‖ for every |z| = 1. 
Since Hol(Γ∪Int(Γ)) contains all the polynomials, the next proposition
follows.
Proposition 2.2. Hol(Γ ∪ Int(Γ)) is incomplete and its completion is isomet-
rically isomorphic to
A(Int(Γ)) := {f ∈ Hol(Int(Γ)) : f extends continuously on Γ ∪ Int(Γ)},
equipped with the supremum norm.
Now, we characterize the extreme points and the exposed points of
the closed unit ball of any nowhere vanishing, point separating sub-algebra of
Hol(Γ ∪ Int(Γ)). We begin with a preliminary lemma.
Lemma 2.3. Let Γ ⊂ C be a simple closed curve. Let X = Hol(Γ∪ Int(Γ)) and
let f ∈ SX . If z0 ∈ Γ is an isolated point of Mf (see (1.2)) and f(z0) = e
iθ0 for
some θ0 ∈ [0, 2π), then
(2.2) lim
z→z0
z∈Γ
|z − z0|
r
∣∣eiθ0 − f(z)∣∣
1− |f(z)|
= 0,
for some natural number r.
Proof. Replacing f by e−iθ0f , we may and do assume that f(z0) = 1. Also,
let f be holomorphic on the domain Ω ⊃ Γ ∪ Int(Γ). Choose a neighbourhood
N of z0, contained in Ω such that |f(z)| < 1 for every z ∈ (Γ ∩ N)\{z0}. Set
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g(z) := 1 − f(z) on N . Then g is holomorphic on N and has a zero at z = z0.
Let m0 be the multiplicity of the zero of g at z = z0 and fix r > 2m0. Then
(2.3) lim
z→z0
|z − z0|
r
|g(z)|2
= 0.
Now, observe that
|z − z0|
r |1− f(z)|
1− |f(z)|
= |z − z0|
r
√
1 +
2(|f(z)| − ℜ(f(z))
(1− |f(z)|)2
,
and
lim
z→z0
z∈Γ
|z − z0|
r
√
1 +
2(|f(z)| − ℜ(f(z))
(1− |f(z)|)2
= lim
z→z0
z∈Γ
|z − z0|
r
√
1 +
ℑ(f(z))2
(1− |f(z)|)2
,
since
(2.4) lim
z→z0
z∈Γ
|f(z)| = lim
z→z0
z∈Γ
ℜ(f(z)) = 1, lim
z→z0
z∈Γ
ℑ(f(z)) = 0.
Therefore, to prove (2.2), it is sufficient to prove
lim
z→z0
z∈Γ
|z − z0|
r ℑ(f(z))
(1− |f(z)|)
= 0.
Again, by (2.4),
lim
z→z0
z∈Γ
|z − z0|
r ℑ(f(z))
(1− |f(z)|)
= lim
z→z0
z∈Γ
2|z − z0|
r ℑ(f(z))
(1−ℜ(f(z))2 −ℑ(f(z))2)
,
= lim
z→z0
z∈Γ
|z − z0|
r 2
2 1−ℜ(f(z))ℑ(f(z)) −ℑ(f(z))
,
= lim
z→z0
z∈Γ
|z − z0|
r ℑ(f(z))
1−ℜ(f(z))
.
Now, note that on (Γ∩N)\{z0}, |f(z)| < 1, i.e., |1− g(z)| < 1. Squar-
ing both sides yields
|g(z)|2 < 2ℜ(g(z)), z ∈ (Γ ∩N) \{z0}.
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Hence,
lim
z→z0
z∈Γ
|z − z0|
r |ℑ(f(z))|
|1−ℜ(f(z))|
= lim
z→z0
z∈Γ
|z − z0|
r |ℑ(g(z))|
|ℜ(g(z))|
≤ lim
z→z0
z∈Γ
|z − z0|
r 2|ℑ(g(z))|
|g(z)|2
= 0,
where the last step comes from equation (2.3). 
We now come to the first of our main results.
Theorem 2.4. Let Γ ⊂ C be a simple closed curve and let A be a nowhere
vanishing, point separating sub-algebra of Hol(Γ ∪ Int(Γ)). Then the following
are equivalent:
(i) f ∈ Exp(A).
(ii) f ∈ Ext(A).
(iii) ‖f‖ = 1 and Mf is infinite.
Proof. (i)⇒ (ii)
Elementary as discussed before.
(ii)⇒ (iii)
Suppose that Γ ∪ Int(Γ) ⊂ Ω is open and f : Ω → C is holomorphic. If
f ∈ Ext(A), clearly, f ∈ SA. Suppose by contradiction, f ∈ SA and Mf =
{z1, z2, . . . , zn} for some n ∈ N. Then by Lemma 2.3, there exist rk ∈ N such
that
lim
z→zk
z∈Γ
|z − zk|
rk
∣∣eiθk − f(z)∣∣
1− |f(z)|
= 0,(2.5)
where f(zk) = e
iθk for every 1 ≤ k ≤ n. Also, let mk denote the multiplicity of
the zero zk of the holomorphic map e
iθk − f(z), z ∈ Ω for every 1 ≤ k ≤ n.
Now, let w1, w2 ∈ Γ and c1, c2 ∈ C. Since A is nowhere vanishing and
point separating, there exist h1, h2, h3 ∈ A such that
h1(w1), h2(w2) 6= 0, h3(w1) 6= h3(w2).
Then
h :=
c1(h1h3 − h3(w2)h1)
h1(w1)(h3(w1)− h3(w2))
+
c2(h2h3 − h3(w1)h2)
h2(w2)(h3(w2)− h3(w1))
,
is well-defined and belongs to A with h(w1) = c1 and h(w2) = c2.
Now, fix z0 ∈ Γ\Mf . Then, there exist f1, f2, . . . fn ∈ A, such that
fk(zk) = 0 and fk(z0) = 1 for every 1 ≤ k ≤ n. Suppose Γ∪ Int(Γ) ⊂ Uk is open
such that fk : Uk → C is holomorphic and µk is the multiplicity of the zero zk
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of the holomorphic map fk for every 1 ≤ k ≤ n. Define P : Ω ∩
(
n⋂
k=1
Uk
)
→ C
by
P (z) :=
n∏
k=1
(fk(z))
⌈
mk+rk
µk
⌉
, z ∈ Ω ∩
(
n⋂
k=1
Uk
)
,
where ⌈α⌉ = min{n ∈ Z : α ≤ n} for any α ∈ R. Then, since the multiplicity of
the zero zk of P is at least mk + rk, for every 1 ≤ k ≤ n,
P (z) = (z − zk)
mk+rkGk(z), z ∈ Ω ∩
(
n⋂
k=1
Uk
)
,
for some Gk : Ω ∩
(
n⋂
k=1
Uk
)
→ C holomorphic. Note that Gk(zk) may be zero
for some 1 ≤ k ≤ n. Therefore, for any 1 ≤ k ≤ n, by (2.5),
lim
z→zk
z∈Γ
|P (z)|
1− |f(z)|
= Gk(zk) limz→zk
z∈Γ
|z − zk|
mk
|eiθk − f(z)|
|z − zk|
rk
|eiθk − f(z)|
1− |f(z)|
= 0.
Fix ǫ > 0. Then there exist N1, N2, . . . , Nn ⊂ C open such that zk ∈ Nk and
|P (z)|
1− |f(z)|
< ǫ, z ∈ Γ ∩Nk\{zk}, 1 ≤ k ≤ n.
Since Γ\
(
n⋃
k=1
Nk
)
is compact and z 7→ |P (z)|1−|f(z)| is continuous on Γ\
(
n⋃
k=1
Nk
)
,
|P (z)|
1− |f(z)|
≤M, z ∈ Γ\
(
n⋃
k=1
Nk
)
,
for some M > 0. Set K = max{M, ǫ}. Then
|P (z)| ≤ K(1− |f(z)|), z ∈ Γ.
Hence,
|f(z)|+
∣∣∣∣ 1KP (z)
∣∣∣∣ ≤ 1, z ∈ Γ.
Clearly, 1
K
P ∈ A and P (z0) = 1. Hence P 6≡ 0 proving f /∈ Ext(A).
(iii)⇒ (i)
Let f ∈ SA be such that Mf is infinite. Then we can find {zn : n ∈ N} ⊂ Mf .
Consider Ψ : A→ C given by
Ψ(h) :=
∞∑
n=1
sgn(f(zn))
2n
h(zn), h ∈ A.
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Then clearly, Ψ is unit norm functional on A and Ψ(f) = ‖f‖. Also, |Ψ(h)| = ‖h‖
for some h ∈ A if and only if
h(zn) = e
iθ0‖h‖f(zn),
for every n ∈ N and some fixed θ0 ∈ [0, 2π). Since f and h are holomorphic on
some connected neighbourhood of Γ∪ Int(Γ), by identity theorem, h = eiθ0‖h‖f
proving f ∈ Exp(A). 
We conclude this section by an explicit description of Ext(A) for any
nowhere vanishing, point separating sub-algebra of Hol(Γ ∪ Int(Γ)) for Γ ⊂ C,
a simple closed analytic curve.
Theorem 2.5. Let Γ ⊂ C be a simple closed analytic curve and let A be a
nowhere vanishing, point separating sub-algerba of Hol(Γ ∪ Int(Γ)), then f ∈
Ext(A) if and only if f ∈ SA ∩ J (Γ).
Proof. First, let us prove the result for Γ = {z ∈ C : |z| = 1}. If f ∈ Ext(A), by
Theorem 2.4, ‖f‖ = 1 andMf is infinite. Consider A = {zn : n ∈ N∪{0}} ⊂Mf ,
such that zn → z0 as n→∞. Now, observe that A is clearly Fσ in S
1 and
A =
∞⋂
k=1
(
∞⋃
n=0
B(zn,
1
k
)
)
,
proving A is a Gδ subset of S
1. Hence by [12, Theorem 1], f must agree with a
Blaschke product B on A and hence f = B on D proving f ∈ J (Γ). The result
now follows for arbitrary simple closed analytic curves Γ ⊂ C by considering the
isometric isomorphism T defined in (2.1). 
3. Birkhoff-James orthogonality and characterization of smooth
points of Hol(Γ ∪ Int(Γ))
Now, we characterize Birkhoff-James orthogonality of two elements in
any nowhere vanishing, point separating sub-algebra of Hol(Γ ∪ Int(Γ)) for a
simple closed curve Γ ⊂ C. We begin by providing two sufficient conditions.
Proposition 3.1. Let Γ ⊂ C be a simple closed curve, and A be a nowhere
vanishing, point separating sub-algebra of Hol(Γ ∪ Int(Γ)). Let f1, f2 ∈ A.
(i) If for every θ ∈ [0, 2π) there exists z ∈ Mf1 such that arg
f2(z)
f1(z)
= θ, then
f1 ⊥B f2.
(ii) If there exists z ∈Mf1 ∩Zf2 , then f1 ⊥B f2 (see (1.3) for definition of Zf ).
Proof. (i) For λ = 0, ‖f1+λf2‖ = ‖f1‖. If instead, λ = re
iφ for some r > 0 and
φ ∈ (0, 2π], then by the hypotheses, there exists z ∈ Mf1 such that arg
f2(z)
f1(z)
=
2π − φ. Let f2(z)
f1(z)
= r1e
i(2pi−φ) for some r1 > 0. Then clearly,
‖f1 + λf2‖ ≥ |f1(z) + λf2(z)| ≥ ‖f1‖.
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Since λ ∈ C \ {0} was chosen arbitrarily, f1 ⊥B f2.
(ii) This is immediate since for λ ∈ C arbitrary,
‖f1 + λf2‖ ≥ |f1(z) + λf2(z)| = ‖f1‖.

The following corollary follows directly from the first part of the above
proposition.
Corollary 3.2. Let Γ := {z ∈ C : |z| = r}. Let hj(z) := z
j, z ∈ C for
j ∈ N. Then hn ⊥B hm for m 6= n in any nowhere vanishing, point separating
sub-algebra of Hol(Γ ∪ Int(Γ)) containing both the monomials.
In order to completely characterize the Birkhoff-James orthogonality of
two elements in any nowhere vanishing, point separating sub-algebra of Hol(Γ∪
Int(Γ)), we introduce the following definition.
Definition 3.3. A subset A ⊆ C2 is said to be an orthogonality covering set if
C =
⋃
(u,v)∈A
{λ ∈ C : |u+ λv| ≥ |u|}.
We furnish the following two examples illustrating the idea.
Example 3.4. A = {(z1, z2)} ⊂ C
2 is an orthogonality covering set if and only
if z1 = 0 or z2 = 0.
Example 3.5. A = {(z1, z2), (w1, w2)} ⊂ C
2 is an orthogonality covering set if
and only if z1z2w1w2 ∈ (−∞, 0].
Theorem 3.6. Let Γ ⊂ C be a simple closed curve, and A be a nowhere van-
ishing, point separating sub-algebra of Hol(Γ ∪ Int(Γ)). Let f1, f2 ∈ A. Then
f1 ⊥B f2 ⇔ {(f1(z), f2(z)) : z ∈Mf1} is an orthogonality covering set .
Proof. Let A = {(f1(z), f2(z)) : z ∈Mf1}. First we prove the necessity. Suppose
by contradiction that A is not an orthogonality covering set. Then there exists
λ ∈ C such that
|f1(z) + λf2(z)| < |f1(z)| for all z ∈Mf1 .
We claim that |f1(z) + µλf2(z)| < |f1(z)| for all z ∈ Mf1 and for all µ ∈ (0, 1).
Indeed for z0 ∈Mf1 and µ0 ∈ (0, 1),
f1(z0) + µ0λf2(z0) = (1− µ0)f1(z0) + µ0(f1(z0) + λf2(z0)).
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The claim now follows:
|f1(z0) + µ0λf2(z0)| = |(1− µ0)f1(z0) + µ0(f1(z0) + λf2(z0))|,
< (1− µ0)|f1(z0)|+ µ0|f1(z0)|.
= |f1(z0)|.
Now, let g : Γ× [−1, 1] −→ R be defined by
g(z, µ) := |f1(z) + µλf2(z)|, z ∈ Γ, −1 ≤ µ ≤ 1.
Clearly, g is continuous. Let z0 ∈Mf1 and µz0 ∈ (0, 1). Then from the claim,
g(z0, µz0) < ‖f1‖.
From the continuity of g, there exist ǫz0 > 0 and δz0 > 0 such that
g(z, σ) < ‖f1‖ for all (z, σ) ∈ B(z0, ǫz0)× (µz0 − δz0 , µz0 + δz0).
In particular, g(z, µz0) < ‖f1‖ for all z ∈ B(z0, ǫz0). Thus, clearly from our
claim,
g(z, σ) < ‖f1‖ for all (z, σ) ∈ B(z0, ǫz0)× (0, µz0).
Similarly, if u0 ∈ Γ \Mf1 , then g(u0, 0) < ‖f1‖. Again, from the continuity of
g, there exist ǫu0 > 0 and δu0 > 0 such that
g(z, α) < ‖f1‖ for all (z, α) ∈ B(u0, ǫu0)× (−δu0 , δu0).
Now,
Γ ⊆
⋃
z∈Mf1
B(z, ǫz) ∪
⋃
u∈Γ\Mf1
B(u, ǫu).
Since Γ is compact, there exist z1, z2, . . . , zk1 ∈Mf1 and u1, u2, . . . , uk2 ∈ Γ\Mf1
such that
Γ ⊆
k1⋃
i=1
B(zi, ǫzi) ∪
k2⋃
j=1
B(uj , ǫuj ).
Choose σ0 > 0 such that σ0 < µzi and σ0 < δuj for all 1 ≤ i ≤ k1 and
1 ≤ j ≤ k2. Clearly, (f1 + σ0λf2) ∈ Hol(Γ ∪ Int(Γ)). Let w0 ∈ M(f1+σ0λf2).
Now, either w0 ∈
k1⋃
i=1
B(zi, ǫzi), or w0 ∈
k2⋃
j=1
B(uj , ǫuj ). However, in either case,
from the choice of σ0,
‖f1 + σ0λf2‖ = |f1(w0) + σ0λf2(w0)| < ‖f1‖,
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proving f1 6⊥B f2.
We now prove the sufficiency. Let κ ∈ C be arbitrary. Since A is an orthogonality
covering set, there exists v ∈Mf1 such that |f1(v) + κf2(v)| ≥ |f1(v)|. Thus,
‖f1 + κf2‖ = sup
z∈Γ
|f1(z) + κf2(z)| ≥ |f1(v) + κf2(v)| ≥ ‖f1‖.
Since κ was chosen arbitrarily, f1 ⊥B f2. 
Next, we characterize the smoothness of an element in any nowhere
vanishing, point separating sub-algebra of Hol(Γ ∪ Int(Γ)).
Theorem 3.7. Let Γ ⊂ C be a simple closed curve, and A be a nowhere van-
ishing, point separating sub-algebra of Hol(Γ ∪ Int(Γ)). Let f ∈ A be non-zero.
Then f is a smooth point in Hol(Γ∪ Int(Γ)) if and only if Mf is a singleton set.
Proof. We first prove the necessity. Suppose by contradiction that z1 6= z2 ∈Mf .
Define Ψ,Φ : A→ C by
Ψ(h) := sgn(f(z1))h(z1), Φ(h) := sgn(f(z2))h(z2), h ∈ A.
Then Ψ and Φ are two support functionals of f . Also, Ψ 6= Φ since A is nowhere
vanishing and point separating proving f is not a smooth point of A.
To prove the sufficiency, let Mf = {z1}. Let f ⊥B g and f ⊥B h for some
g, h ∈ Hol(Γ ∪ Int(Γ)). If either of g, h is zero, then trivially f ⊥B (g + h).
Let g, h be non-zero. From Theorem 3.6, {(f(z), g(z)) : z ∈ Mf} is a singleton
orthogonality covering set. Therefore, by Example 3.4, g(z1) = 0. A similar
argument shows h(z1) = 0. Hence z1 ∈ Zg+h and consequently by Proposition
3.1, f ⊥B (g + h). 
4. Hol(Γ ∪ Int(Γ)) and zeros of holomorphic functions
We begin this section with a simple observation:
Proposition 4.1. Let Γ ⊂ C be a simple closed curve. Let f ∈ J (Γ) (see (1.1)).
Then either f is constant on Γ ∪ Int(Γ) or f has a zero enclosed by Γ.
Proof. Suppose by contradiction that f is non-zero on Ω′ := Int(Γ). Hence, the
minimum modulus principle yields
min
z∈Γ∪Ω′
|f(z)| = min
z∈Γ
|f(z)| = ‖f‖.
Thus, f(Ω′) ⊆ {‖f‖eiθ : θ ∈ [0, 2π)}. Clearly, f(Ω′) is not open in C while Ω′ is
and hence, f must be constant on Ω. 
The first result of this section shows that Birkhoff-James orthogonality
in nowhere vanishing, point separating sub-algebras of Hol(Γ ∪ Int(Γ)) has a
deep connection with the zeros of holomorphic functions.
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Theorem 4.2. Let Γ ⊂ C be a simple closed curve, and A be a nowhere vanish-
ing, point separating sub-algebra of Hol(Γ ∪ Int(Γ)). Let f ∈ J (Γ) ∩ A and let
g ∈ A. Then f 6⊥B g implies f and g have the same number of zeros enclosed
by Γ.
Proof. Since f 6⊥B g, there exists λ ∈ C \ {0} such that ‖f + λg‖ < ‖f‖. Now,
since f ∈ J (Γ),
|f(z) + λg(z)| ≤ ‖f + λg‖ < ‖f‖ = |f(z)|, ∀ z ∈ Γ.
Since, f and −λg are holomorphic within and on Γ, by Rouche’s Theorem, they
have the same number of zeros enclosed by Γ, establishing the result. 
The converse of the above theorem is not true as illustrated in the
following example:
Example 4.3. Let Γ := {z ∈ C : |z| = 1}. Let f1(z) = z and let f2(z) = z(z−1).
Clearly, f1 ∈ J (Γ). Since 1 ∈Mf1∩Zf2 , by Proposition 3.1, f1 ⊥B f2. However,
f1 and f2 have the same number of zeros enclosed by Γ.
It follows from the above theorem that if A is any nowhere vanishing,
point separating sub-algebra of Hol(Γ∪ Int(Γ)) with f ∈ J (Γ)∩A, then for any
g ∈ A with f and g having different number of zeros enclosed by Γ, f ⊥B g. We
record this observation in form of the following theorem.
Theorem 4.4. Let Γ ⊂ C be a simple closed curve, and A be a nowhere vanish-
ing, point separating sub-algebra of Hol(Γ ∪ Int(Γ)). Let f ∈ J (Γ) ∩ A and let
g ∈ A. If f and g have different number of zeros enclosed by Γ, then f ⊥B g.
It is easy to see that Corollary 3.2 is also a direct consequence of The-
orem 4.4. We derive from Theorem 4.4 the following important inequality re-
garding polynomials.
Corollary 4.5. Let Γ := {z ∈ C : |z| = r}. Let hj(z) := z
j , z ∈ C for j ∈ N.
Then
inf
λ∈C
max
z∈Γ
|hn(z) + λQm(z)| ≥ r
n for every polynomial Qm of degree m < n.
Proof. Clearly, hj ∈ J (Γ) for every j ∈ N. Now, Qm and hn have different
number of zeros enclosed by Γ. Therefore, by Theorem 4.4, hn ⊥B Pm in
Hol(Γ ∪ Int(Γ)) for all m < n. Thus, we have for every λ ∈ C,
max
z∈Γ
|hn(z) + λQm(z)| = ‖hn + λQm‖ ≥ ‖hn‖ = r
n,
and the result follows. 
Our next result relates Birkhoff-James orthogonality in Hol(Γ∪Int(Γ))
for a simple closed curve Γ ⊂ C with the fundamental theorem of algebra.
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Theorem 4.6. Let Γ := {z ∈ C : |z| = r} and hj(z) := z
j, z ∈ C for
j ∈ N. If Q(z) := anz
n + an−1z
n−1 + · · · + a0, z ∈ C with an 6= 0 and r >
max{1, 1|an|
n−1∑
k=0
|ak|}, then hn 6⊥B P in Hol(Γ ∪ Int(Γ)).
Proof. Since r > max{1, 1|an|
n−1∑
k=0
|ak|},
‖anhn −Q‖ = ‖ − (an−1hn−1 + an−2hn−2 + · · ·+ a0)‖
≤ ‖an−1hn−1‖+ ‖an−2hn−2‖+ · · ·+ ‖a1h1‖+ |a0|
≤ rn−1{|an−1|+ |an−2|+ · · ·+ |a0|}
< rn|an|
= |an|‖hn‖.
Thus, ‖hn −
1
an
Q‖ < ‖hn‖, giving hn 6⊥B Q. 
We now obtain the fundamental theorem of algebra:
Corollary 4.7 (Fundamental Theorem of Algebra). A polynomial of degree n
has n number of zeros in C.
Proof. LetQ(z) = anz
n+an−1z
n−1+· · ·+a0, an 6= 0 and r > max{1,
1
|an|
n−1∑
k=0
|ak|}.
Set Γ := {z ∈ C : |z| = r} and hj(z) := z
j, z ∈ C for j ∈ N. Then by Theorem
4.6, hn 6⊥B Q. Since hn ∈ J (Γ), by Theorem 4.2, hn and Q have the same
number of zeros enclosed by Γ. Since r > max {1, 1|an|
n−1∑
k=0
|ak|} was chosen
arbitrarily, P has n number of zeros in C. 
Finally, we obtain a result regarding Birkhoff-James orthogonality be-
tween the n-th order derivatives of two holomorphic functions in Hol(Γ∪Int(Γ))
for a simple closed curve Γ ⊂ C. The result also has a connection between
Birkhoff-James orthogonality and zeros of the n-th order derivatives of holomor-
phic functions.
Theorem 4.8. Let Γ1,Γ2 ⊂ C be two simple closed curves such that Γ2 ⊂
Int(Γ1) and fix 0 < r < dist(Γ1,Γ2). Let f, g ∈ Hol(Γ1 ∪ Int(Γ1)) be such that
g(n) 6= 0 for some fixed natural number n and
max
z∈Γ1
|f(z) + λ0g(z)| <
rn
n!
max
z∈Γ2
|f (n)(z)| for some λ0 ∈ C.
Then f (n) 6⊥B g
(n) in any nowhere vanishing, point separating sub-algebra of
Hol(Γ2 ∪ Int(Γ2)) containing both the functions.
Using Theorem 4.2, we immediately derive the following:
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Corollary 4.9. Let Γ1, Γ2, r be as in Theorem 4.8. Let f, g ∈ Hol(Γ1∪Int(Γ1))
be such that f (n) ∈ J (Γ2), g
(n) 6= 0 for some natural number n and
max
z∈Γ1
|f(z) + λ0g(z)| <
rn
n!
max
z∈Γ2
|f (n)(z)| for some λ0 ∈ C.
Then f (n) and g(n) have the same number of zeros enclosed by Γ2.
Proof of Theorem 4.8. We need to show that there exists some λ ∈ C such that
max
z∈Γ2
|f (n)(z) + λg(n)(z)| < max
z∈Γ2
|f (n)(z)|.
Since Γ2 is compact,
max
z∈Γ2
|f (n)(z) + λ0g
(n)(z)| = |f (n)(z0) + λ0g
(n)(z0)| for some z0 ∈ Γ2.
Denote Int(Γ1) by Ω
′. Let γr be the circle of radius r about z0. From hypotheses,
γr ⊂ Ω
′. Now, by Cauchy’s integral formula for the derivative, we have that
f (n)(z0) + λ0g
(n)(z0) =
n!
2πi
∫
γr
f(z) + λ0g(z)
(z − z0)n+1
dz.
Taking modulus on both sides, we get
|f (n)(z0) + λ0g
(n)(z0)| ≤
n!
rn
max
z∈γr
|f(z) + λ0g(z)|,
since
∫
γr
∣∣∣ dz(z−z0)n+1
∣∣∣ = 2pirn . Invoking the maximum modulus principle and noting
γr ⊂ Ω
′ yields:
max
z∈γr
|f(z) + λ0g(z)| ≤ max
z∈Γ1
|f(z) + λ0g(z)|.
Thus,
|f (n)(z0) + λ0g
(n)(z0)| <
n!
rn
max
z∈Γ1
|f(z) + λ0g(z)|.
Now, from the hypotheses,
max
z∈Γ2
|f (n)(z) + λ0g
(n)(z)| = |f (n)(z0) + λ0g
(n)(z0)| < max
z∈Γ2
|f (n)(z)|.
Thus, f (n) 6⊥B g
(n) in any nowhere vanishing, point separating sub-algebra of
Hol(Γ2 ∪ Int(Γ2)) containing both the functions. 
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